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Abstract

We study semiparametric two-step estimators which have the same structure as para-
metric doubly robust estimators in their second step, but retain a fully nonparametric model
in the first stage. We show that these semiparametric doubly robust estimators (SDREs)
are asymptotically linear under conditions that are much weaker than those necessary for
generic semiparametric two-step estimators, and thus distributional approximations based
on classical first-order asymptotic theory are substantially more reliable. In practice, this
means that SDREs generally have smaller first-order bias, are less sensitive to the imple-
mentation of the nonparametric first stage, can allow for rate-optimal choices of smoothing
parameters and data-driven estimates thereof, and do not require the use of bias reducing
nonparametric estimators (such as those based on higher-order kernels) in settings with
moderate dimensionality. SDREs exist for many interesting parameters in a wide range
of missing data and treatment effect models. Given their theoretical and practical advan-
tages, SDREs constitute an attractive alternative to other estimators commonly employed
in those areas, such as e.g. Inverse Probability Weighting. We illustrate our method with a

simulation exercise.
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1. INTRODUCTION

Semiparametric models are of great importance for applied econometric research. These models
often imply that the finite-dimensional parameter of interest can be characterized through a
moment condition that contains an unknown nuisance function. This structure then leads to
a two-step semiparametric estimation approach. In the first step, the nuisance function is
estimated nonparametrically. In the second step, the parameter of interest is estimated from
an empirical version of the moment condition, with the unknown nuisance function replaced
by its first-step estimate. Such estimators are used in a wide range of applications, and their
theoretical properties have been studied extensively (e.g. Newey, 1994; Newey and McFadden,
1994; Andrews, 1994; Chen, Linton, and Van Keilegom, 2003; Ichimura and Lee, 2010).

In this paper, we consider semiparametric two-step estimators that are based on a moment
condition that exhibits a particular structure: it depends on two unknown nuisance functions,
but still identifies the parameter of interest if either one of the two functions is replaced by some
arbitrary value. Following Robins, Rotnitzky, and van der Laan (2000) and Robins and Rot-
nitzky (2001), we refer to such moment conditions as doubly robust, and call the corresponding
estimators semiparametric doubly robust estimators (SDREs). These estimators differ from the
usual doubly robust procedures used widely in statistics (e.g. Van der Laan and Robins, 2003),
which rely on additional parametric restrictions on the nuisance functions. We impose no such
restrictions in our paper.

Our main contribution is to show that a SDRE possesses several attractive theoretical and
practical properties relative to a generic semiparametric two-step estimator, even if the two
have the same asymptotic variance. SDREs are generally root-n-consistent and asymptotically
normal under weaker conditions on the smoothness of the nuisance functions, or, equivalently,
on the accuracy of the first step nonparametric estimates. Their stochastic behavior can thus be
better approximated by classical first-order asymptotics. In practice, this means that SDREs
generally have smaller first-order bias, are less sensitive to the implementation of the nonpara-
metric first stage, can allow for rate-optimal choices of smoothing parameters and data-driven
estimates thereof, and do not require the use of bias reducing nonparametric estimators (such
as those based on higher-order kernels) in settings with moderate dimensionality. SDREs are

also adaptive, in the sense that by construction their asymptotic variance does not contain



adjustment terms for the nonparametric first step. This substantially simplifies the calculation
of standard errors.

Doubly robust moment conditions are known to exist for many interesting parameters in
a wide range of semiparametric models. Examples include regression coefficients in models
with missing outcomes and/or covariates (e.g. Robins, Rotnitzky, and Zhao, 1994; Robins and
Rotnitzky, 1995), average treatment effects in potential outcome models with unconfounded
assignment (Scharfstein, Rotnitzky, and Robins, 1999), and local average treatment effects in
instrumental variable models (Tan, 2006), amongst many others. It is thus straightforward
to construct our SDREs in these settings. In all the aforementioned examples, and several
others, doubly robust moment conditions take the form of an expectation of the respective
efficient influence (or “score”) function. The asymptotic variance of the SDRE is thus equal
to the semiparametric efficiency bound in these settings (Newey, 1994). SDREs therefore have
favorable properties even relative to other efficient estimators that are commonly used in such
settings, such as e.g. Inverse Probability Weighting estimators in missing data and treatment
effect models (e.g. Hirano, Imbens, and Ridder, 2003; Chen, Hong, and Tarozzi, 2008).

As mentioned above, doubly robust moment conditions are traditionally used in connection
with fully parametric specifications for each of the two nuisance functions, as this ensures that
the resulting estimator is consistent if at least one of the parametric specifications is correct.
The use of parametric doubly robust estimators is typically motivated by valid concerns about
the reliability of semiparametric two-step estimators, especially the accuracy of conventional
approximations of their finite sample distribution based on first-order asymptotics (e.g. Robins
and Ritov, 1997). Such approximations are typically derived under strong smoothness conditions
on the nuisance function, which cannot be effectively exploited by nonparametric estimation
procedures in moderate samples, even if the conditions are actually satisfied.

Our use of doubly robust moment conditions is different from the traditional one, since
we always retain a fully nonparametric first stage. However, our method addresses the same
concerns about the accuracy of distributional approximation based on conventional asymptotic
theory. Our results show that the same structure that safeguards parametric doubly robust
estimators against misspecification is also benefitial when using a nonparametric first stage.

It considerably reduces the impact of both the smoothing bias and the stochastic variation



from nonparametrically estimating the nuisance functions on the final SDRE. Our estimators
can therefore be shown to be root-n-consistent and asymptotically normal under substantially
weaker smoothness conditions than those used to derive similar results for generic semipara-
metric two-step procedures. As a consequence, we expect inferential procedures justified by
this asymptotic theory, such as hypothesis tests or confidence intervals, to be more reliable in
settings with moderate samples and not too high-dimensional nuisance functions.

Our paper is not the first to be concerned with improving the properties of semiparametric
two-stage estimators. In other contexts, Newey, Hsieh, and Robins (2004) and Klein and Shen
(2010) propose methods that do not exploit higher-order differentiability conditions to reduce
the impact of the first-stage smoothing bias on the properties of certain two-step estimators.
Cattaneo, Crump, and Jansson (2012a) study a jackknife approach to remove bias terms related
to the variance of the first-stage nonparametric problem in the specific context of weighted
average derivative estimation. Our paper complements these findings in a general sense, showing
that the use of doubly robust moment conditions reduces both types of bias simultaneously. An
alternative approach to improve inference, which we do not consider in this paper, would be to
derive “non-root-n” asymptotic approximations. Examples of such a strategy include Robins,
Li, Tchetgen, and Van Der Vaart (2008), who consider semiparametric inference in models
with very high-dimensional functional nuisance parameters, and Cattaneo, Crump, and Jansson
(2012b), who study so-called small bandwidth asymptotics for semiparametric estimators of
density-weighted average derivatives.

The remainder of this paper is structured as follows. In the next section, we present the
modeling framework and our estimation procedure, and give some concrete examples of doubly
robust moment conditions. In Section 3, the estimators’ asymptotics properties are derived in a
general setting. Section 4 applies our findings to the important special case of estimating average
treatment effects under unconfoundedness. Section 5 shows evidence that SDREs have superior
properties compared to other methods in a simulation study. Finally, Section 6 concludes. All

proofs are collected in the Appendix.



2. MODELING FRAMEWORK AND ESTIMATION PROCEDURE

2.1. Doubly Robust Moment Conditions. We consider the problem of estimating a
vector-valued parameter 6,, contained in the interior of some compact parameter space © C R%,
in a semiparametric model. The data consists of an i.i.d. sample {Z;}" ; from the distribution of
the random vector Z € R%. We assume that one way to identify 6, within the semiparametric
model is through a moment condition that exhibits a particular structure: there exists a known

moment function v(-) taking values in R% such that

U(0,p0,q0) :=E((Z,0,p,(U),q,(V))) = 0 if and only if § = 0, (2.1)

where p, € P and ¢, € Q are unknown (but identified) nuisance functions, and U € R% and
V € R% are random subvectors of Z that might have common elements. Moreover, we assume

that

Y (6, po,q) = ¥(0,p,q,) =0 if and only if 6 = 0, (2.2)

for all functions ¢ € Q and p € P. Following Robins et al. (2000), we refer to any moment
condition that is of the form in (2.1) and satisfies the restriction (2.2) as a doubly robust (DR)
moment condition. We give a number of examples of settings in which DR moment conditions
exist in the following subsection. Note that restricting attention to “just-identified” cases with
() taking values in R% is without loss of generality, as Robins and Rotnitzky (2001) show that
for all DR moment conditions the number of moments is equal to the number of components of
0.

Equation (2.2) implies that knowledge of either p, or ¢, suffices for identifying 6,. In
principle, one could therefore construct semiparametric estimators of 6, that only require an
estimate of either p, or g,, but not both. For example, 8, could be estimated by the value that
sets a sample analogue of either ¥(0, p,,q) or ¥(0,p, q,) equal to zero, where p € P and q € Q
are arbitrary known and fixed functions. The properties of such standard semiparametric two-
step estimators could be analyzed using general results in e.g. Newey (1994), Andrews (1994),
Ai and Chen (2003) or Chen et al. (2003). In this paper, we argue in favor of an estimator of

0, that solves a direct sample analogue of (2.1), using estimates of both infinite-dimensional



nuisance parameters. We refer to such estimators as semiparametric doubly robust estimators
(SDREs), and show that they possess certain favorable theoretical properties that should offset
the additional computational costs due to estimating two functions nonparametrically instead

of just one.

2.2. Examples. Before discussing the specific form and implementation of the estimator,
we give a number of examples of DR moment conditions for various parameters of interest in
missing data and causal inference models. This should illustrate the broad applicability of the
methodology. We remark that in all the examples that we give below the moment function
1, on which the DR moment condition is based, is the semiparametrically efficient influence
function for the respective parameter of interest. As we show in Section 3, this implies that
the asymptotic variance of SDREs is equal to the respective semiparametric efficiency bound in

these settings (under suitable regularity conditions).

Example 1 (Population Means with Missing Data). Let X be a vector of covariates that is
always observed, and Y a scalar outcome variable that is observed if D = 1, and unobserved
if D = 0. The data consists of a sample from the distribution of Z = (DY, X, D), and the
parameter of interest is §, = E(Y). Define the functions m,(x) = E(D|X = z) and u(z) =
E(Y|D = 1,X = z), and assume that E(D|Y,X) = m,(X) > 0 with probability 1. Then
(0,7, 1) = E((Z,0,(X), u(X))) with

d(y — ()

1/1(279777(50)7#(90)) = 7_‘_($)

+ p(x) — 6

is a DR moment condition for estimating 6,. O

Example 2 (Linear Regression with Missing Covariates). Let X = (X{, X5)" be a vector of
covariates and Y a scalar outcome variable. Suppose that the covariates in X are only observed
if D =1 and unobserved if D = 0, whereas (Y, X2) are always observed. The data thus consists
of a sample from the distribution of Z = (Y, X1D, X2, D). Here we consider the vector of
coefficients 6, from a linear regression of Y on X as the parameter of interest. Define the
functions m,(y,x2) = E(D|Y = y, X2 = 22) and po(z2,60) = E(p(Y, X,0)|D = 1,Xy = x2)
with o(Y, X,0) = (1,X")(Y — (1,X")0), and assume that E(D|Y, X) = 7,(Y, X2) > 0 with



probability 1. Then ¥(0, 7, u) = E(¢(Z,0,7(X), u(X))) with

¢(Za 0, 7T(:E), M(‘T:)) =

is a DR moment condition for estimating 6,. O

Example 3 (Average Treatment Effects). Let Y (1) and Y (0) denote the potential outcomes
with and without taking some treatment, respectively, with D = 1 indicating participation in
the treatment, and D = 0 indicating non-participation in the treatment. Then the realized
outcome is Y = Y (D). The data consist of a sample from the distribution of Z = (Y, D, X),
where X is some vector of covariates that are unaffected by the treatment, and the parameter of
interest is the Average Treatment Effect (ATE) 6, = E(Y (1)) — E(Y(0)). Define the functions
7o(2) = B(DIX = ) and 22 (d,) = E(Y|D = d, X = @), put po() = (a2 (1,2), 12 (0, ),
and assume that 1 > E(D|Y (1),Y(0), X) = 7,(X) > 0 with probability 1. Then ¥(0,m, u) =

E(¢Y(Z,0,7(X),n(X))) with

— Y (1,2 — —u¥ (0,2
b)) = TSR BE BRI 0 (1,0 - 0,0)) - 0

is a DR moment condition for estimating 6,. O

Example 4 (Average Treatment Effect on the Treated). Consider the potential outcomes
setting introduced in the previous example, but now suppose that the parameter of inter-
est is 6, = E(Y(1)|D = 1) — E(Y(0)|D = 1), the Average Treatment Effect on the Treated
(ATT). Define the functions m,(x) = E(D|X = z) and po(z) = E(Y|D = 0,X = z), put
I, = E(D), II, > 0, and assume that E(D|Y(1),Y(0),X) = m(X) < 1 with probability 1.
Then U (0,7, 1) = E((Z,0,7(X), n(X))) with

dly —p(x)) m(z) A-d)ly—px) ,
I, I, 1—n(x)

w(zv 0, 77(1:)? /L(l‘)) =

is a DR moment condition for estimating 6,. O

Example 5 (Local Average Treatment Effects). Let Y (1) and Y (0) denote the potential out-
comes with and without taking some treatment, respectively, with D = 1 indicating participa-

tion in the treatment, and D = 0 indicating non-participation in the treatment. Furthermore,



let D(1) and D(0) denote the potential participation decision given some realization of a binary
instrumental variable W € {0,1}. That is, the realized participation decision is D = D(W)
and the realized outcome is Y = Y(D) = Y(D(W)). The data consist of a sample from the
distribution of Z = (Y, D, W, X), where X is some vector of covariates that are unaffected
by the treatment and the instrument. Define the function m,(z) = E(W|X = z), and sup-
pose that 1 > E(W|Y(1),Y(0),D(1),D(0),X) = E(W|X) > 0 and P(D(1) > D(0)|X) =1
with probability 1. Under these conditions, it is possible to identify the Local Average Treat-
ment Effect (LATE) 6, = E(Y(1) — Y(0)|D(1) > D(0)), which serves as the parameter of
interest in this example. Also define the functions p?(w,z) = E(D|W = w,X = z) and
WY (w,2) = EV[W = w, X = 2), and put o) = (u2(1,2), u2 (0, 2), u (1, 2), 12 (0, 2).
Then ¥(0, 7, 1) = E(Y(Z,0,7(X), n(X))) with

Qb(za 97W<m)7ﬂ($)) - wA(Z,W(.ZL'),,LL(.’L')) —0- 'LﬂB(Z,W(LIJ),,U,(LU)),

where
w(y — p¥ (1, —w)(y — p¥ (0,z
WA n(o). ) = ) BZ = D)y (10) - Y (0,2),
w(d — pP (1, —w)(d — uP(0,z
0P (en(e) ) = WO L) BRI |y ) - P(0,0),
is a DR moment condition for estimating 6,. O

2.3. Semiparametric Estimation. In this paper, we consider an estimator 9 of 0, that

solves a direct sample analogue of (2.1). That is, we take 9 as the value that solves the equation
1 n

0= Wn(0,5,7) = nz;wzi,e,ﬁ(m),a(vi)), (23)
1=

in 8, where p and ¢ are suitable nonparametric estimates of p, and ¢,, respectively. Since ¥,

takes values in R%, such a solution exists with probability one. We also define the following



quantities, which will be important for estimating the asymptotic variance of the estimator 0:

=)
Il

%Zaw(ziﬁ, p(U:),q(Vi)) /06
’L*l

o))
I

> (2,0, 5(0), GV 8, B, V)
i=1

For simplicity, we focus on the important special case that both infinite-dimensional nuisance
parameters are conditional expectation functions. That is, we consider the case that p,(x) =
E(Yp| X, = 7) and ¢,(z) = E(Y,| X, = x), where (Y}, Yy, X;, X;) € RxRxR% xR% is a random
subvector of Z that might have common elements, and both X, and X, are assumed to be contin-
uously distributed. It would be straightforward to extend our results to other types of functions,
including derivatives of conditional expectation functions, density functions, and conditional ex-
pectation functions with multivariate outcome variables and/or discrete covariates. We propose
to estimate both functions by local polynomial regression of order [, and l,, respectively. This
class of kernel-based smoothers has been studied extensively by e.g. Fan (1993), Ruppert and
Wand (1994) or Fan and Gijbels (1996). It is well-known to have attractive bias properties
relative to the standard Nadaraya-Watson estimator with higher-order kernels. In applications

where the dimension of X, and X, is not too large (in a sense made precise below), we will

. . . l l
work with [, = I, = 1. Using the notation that \,(u) = [u1,u?,...,uf,... ,udp,ugp, .. ,udpp}T
l l . . .
and A\g(v) = [v1,v3, ... v, vdq,vgq, e ,vd‘Z]T, the “leave-i-out” local polynomial estimators

of po(U;) and ¢,(V;) are given by

respectively, where

A~ -~ . 2
(@p(U3), bp(U:)) = argmin }_ (Vi — @ = V2p(Xpj = Ui))” K, (X = Vi),
ab i
A~ [ . 2
(@g(Vi), bg(Vi)) = arg?mz (Yo —a—02\p(Xgj — Vi) Kny(Xgj — Vi)
GO Gt

Here Kp,,(u) = H;-lp:l K(uj/hp)/hy is a dp-dimensional product kernel built from the univariate

kernel function K, and h,, is a one-dimensional bandwidth that tends to zero as the sample size n



tends to infinity, and Kj,(v) and hy are defined similarly. Note that it would be straightforward
to employ more general estimators using a matrix of smoothing parameters that is of dimension
dy X d, or dgq X dg, respectively, at the cost of a much more involved notation (Ruppert and
Wand, 1994). Also note that using “leave-i-out” versions of the nonparametric estimators is
only necessary for the results we derive below in applications where either U and X, or V' and

X, share some common elements.

3. AsymMPTOTIC THEORY

3.1. Informal Overview of Results. In this section, we derive a number of theoretical
properties of SDREs. Our main result, stated in Theorem 1 below, gives conditions under
which these estimators are consistent, regular and asymptotically linear (RAL), asymptotically
unbiased, and asymptotically normal. We also derive the form of the asymptotic variance and
propose a consistent estimate thereof. The main advantage of SDREs is that these types of
results can be shown under assumptions about the accuracy of the first-stage nonparametric es-
timators that are weak relative to those commonly invoked to obtain similar findings for generic
semiparametric two-step estimators. We therefore expect that for SDREs these asymptotic re-
sults provide more accurate guidance about the estimators’ finite-sample properties than they
do in general.

To understand the role of the DR property in obtaining these result, it is instructive to
consider an informal sketch of the asymptotic normality argument. First, it is generally easy to

show that the estimator @ has the following representation that depends on p and ¢:
1 = PO
V(0 —0,) = 7n > T3 (Zi, 00, D(U), (Vi) + 0p(1).
i=1

where I', = OE(¢(Z,0,p,(U), ¢o(V)))/98p=s,. Next, we show that n= 2 >"" | (¢(Zi, 0,, (U;), G(Vi))—

V(Zi, 00, p0(Us), 4o(Vi))) = op(n~1/?) using the DR property. We start by considering a second-

10



order Taylor expansion of this term in (p, q) around (p,, ¢,), which yields that

% D W(Zi, 00, DU, G(Vi)) = ¥ (Zi, 00, Po(Ui), 4o (Vi)
=1
= LS R ZNGW) — polUD) + - S VZ@V) — 0o(V)
i=1 =1
£ (2B poU)) + - S 42 @VE) — o))’
i=1 =1

+ %Z¢pq(zi)(ﬁ(Ui) = Po(U0))(@(Ui) — 40(U3))
i=1
+Op([[P = poll3e) + Or (17— aoll%)-

Here yP(Z;) and ¢PP(Z;) are the first and second derivative of ¢(Z;, po(U;), ¢o(V;)) with respect
to po(U;), respectively, ¥(Z;) and %(Z;) are defined analogously, and ¢P%(Z;) is the mixed
partial derivative of ¥(Z;, po(U;), qo(V;)) with respect to po(U;) and ¢,(V;). Clearly, the two
“cubic” remainder terms are both of the order op(n~1/2) if the estimation error of the two
nonparametric estimates is uniformly of the order o(n~'/%). However, if one would be using a
generic moment condition, the five “leading” terms in the above equation would generally not
be of the order op(n~1/2) if the nonparametric component converges that slowly (this typically
requires the first stage estimation error be of the order op(n~'/*), and the smoothing bias to

be of the order o(n_l/ 2)). At this point, we exploit that the DR property of ¥ implies that

k k

7\11(007]90 + tﬁv QO)‘tZO - a

ot ‘1’(907130,%"‘75‘?)‘1:0 =0 (31)

for k = 1,2 and all functions p and g such that p, +tp € P and ¢, +tG € Q for all t € R with |¢|
sufficiently small. This property can be used as follows. The estimators p and g generally satisfy
a certain linear stochastic expansion (e.g. Kong, Linton, and Xia, 2010). When substituting
these expansions into the above quadratic expansion, we obtain a number of U-Statistics of
various orders, that can be shown to be degenerate because of (3.1). These terms thus vanish
at a considerably faster rate than they would without the DR property. They can be shown to
be of the order op(n~—1/2) as long as the product of the two smoothing bias terms from estimating

o and ¢, is of the order o(nfl/ 2), and the respective overall estimation errors are uniformly of

11



the order op(n~1/6). Taken together, these arguments show that

~

\/ﬁ(e - ‘90) = \}ﬁ Z Fglw(zia eovpo(Ui)’ qo(%)) + OP(l)‘
i=1

The estimator is thus regular and asymptotically linear (RAL), and its asymptotic normality
follows directly from the central limit theorem if the summands on the right-hand side of the

last equation have finite second moments.

3.2. Asymptotic Properties. We now formalize the argument given above. For our theo-

retical analysis of the large-sample properties of SDREs, we impose the following conditions.

Assumption 1. (i) the random vector U is continuously distributed with compact support Iy
(i) supyer, E(|Yp|°|Xp = u) < oo for some constant ¢ > 2, (iii) the random vector X, is
continuously distributed with support I, DO Iy, (iv) the corresponding density function f, is
bounded with bounded first order derivatives, and satisfies inf, ez, fp(u) > & for some constant

d >0, (v) the function p, is (I, + 1) times continuously differentiable.

Assumption 2. (i) the random vectors V is continuously distributed with compact support
Iy, (i) sup,er, E(|Yy|| Xy = v) < oo for some constant ¢ > 2, (iii) the random vector X,
is continuously distributed with support I, O Iy, (w) the corresponding density function fy is
bounded with bounded first order derivatives, and satisfies inf,cr,, fy(v) > 6 for some constant

d >0 (v) the function q, is (I + 1) times continuously differentiable.

Assumption 3. The kernel function K is twice continuously differentiable, and satisfies the
following conditions: [K(u)du =1, [uK(u)du =0 and [ [u*K(u)|du < oo, and K(u) =0 for

u not contained in some compact set, say [—1,1].

Assumption 4. The function ¥(z,0,p(u),q(v)) is (i) continuously differentiable with respect to
0, (ii) three times continuously differentiable with respect to (p(u),q(v)), with derivatives that

are uniformly bounded, and (iii) such that the matriz Q, := E(Yo(Z)o(Z)') is finite, where

¢O(Z) = ¢(Z, 907PO(U)a QO(V))

Assumption 5. The bandwidth sequences hy, and hy satisfy the following conditions asn — 0o:
(i) k2O R2ETD o i) nhSETY 0, (i) nhSY T 0, (iv) 2R3 /log(n)? — 0o, and

(v) thgdq/log(n)?’ — 00.

12



Assumption 1-2 are standard smoothness conditions in the context of nonparametric regres-
sion. The restrictions on the kernel function X in Assumption 3 could be weakened to allow for
kernels with unbounded support. Parts (i)-(ii) of Assumption 4 impose some weak smoothness
restrictions on the function v, which are needed to later justify a certain quadratic expansion.
At the cost of a more involved theoretical argument, these assumptions could be relaxed by im-
posing smoothness conditions on the population functional ¥ instead (see Chen et al., 2003, for
example). Parts (iii) of Assumption 4 ensures that the term n'/2®,,(6,, po, ¢,) satisfies a central
limit theorem. Finally, Assumption 5 imposes restrictions on the rate at which the bandwidths
hp and hy tend to zero given the number of derivatives of the unknown regression functions
and the dimension of the covariates. As argued above, these conditions are rather weak. Parts
(i)—(iii) of Assumption 5 allow the smoothing bias from estimating either p, or ¢, to be as large
as o(n*1/6) as long as the product of the two bias terms is of the order o(n*1/2), and parts
(iv)—(v) only require the respective stochastic parts to be of the order op(n~'/%). In contrast,
to show that a generic semiparametric two-step estimator is RAL, it is generally required that
the bias from estimating each nonparametric component alone is of the order o(n_l/ 2), whereas
the respective stochastic parts are generally required to be of the order op(n~='/%) (see Newey

and McFadden, 1994, for example).! Our assumptions yield the following theorem.
Theorem 1. Under Assumption 1- 5, the following statements hold as n — oco.
i) 02 0,;
(i) \/ﬁ(a— 0,) = n~1/? S XNo(Zi) + op(1), where Mo(2) =Ty (2, 00, po(u), go(u)) and Ty =
OE(Y(Z,0,p0(U),q0(V)))/00]0=0,;
(iit) /n(@ - 0,) % N(0,T'Q,I5Y); and
(iv) T-1r— & it

Theorem 1 has a number of important implications. Taken together, parts (iii) and (iv) can
e.g. be used to construct asymptotically valid confidence regions for 6, or some of its components,
or to conduct various large-sample testing procedures. Theorem 1 also shows that SDREs are

adaptive semiparametric estimators, in the sense that they have the same first-order limiting

LOf course, such an estimator would often only use an estimate of either p, or ¢,, but not both, and thus
require these rates to hold for estimates of one of the two functions only.

13



distribution as an infeasible estimator that uses the true values of the infinite-dimensional
nuisance parameters instead of their nonparametric estimates. This is a property that SDREs
share with all semiparametric estimators defined through a moment condition based on an
influence function in the corresponding semiparametric problem (e.g. Newey, 1994). A further
implication of this fact is that it is easy to verify whether the asymptotic variance of an SDRE
achieves the corresponding semiparametric efficiency bound. This is the case if and only if the
corresponding moment condition is based on the respective efficient influence function. This is

the case for all settings that we listed in Section 2.2.

3.3. Advantages Relative to Generic Semiparametric Procedures. To illustrate in
which sense Theorem 1 improves upon well-known results for semiparametric two-step estima-
tors, it is useful to explicitly consider a “non-DR” estimator of 8, that only uses a nonparametric
estimate of one of the two nuisance functions. As pointed out above, such an estimator always
exists in settings where there exists a DR moment condition. To be specific, we consider the

estimator #* that solves
1<~ . N
0=- > ¢ (Zi,0,p(U))
i=1

where ¥*(z,0,p(u)) = ¥(z,0,p(u), G(v)) for some arbitrary function g € Q. Estimators like o
have been studied extensively in the literature. Without loss of generality, one could choose ¢
such that #* and § have the same influence function, but this is not important for the following
discussion, which focuses on conditions under which the estimator is RAL. We introduce the

following variations of Assumption 4-5.

Assumption 6. The function ¥*(z,0,p(u)) is (i) continuously differentiable with respect to
0, (ii) three times continuously differentiable with respect to p(u), with derivatives that are
uniformly bounded, and (iii) such that the matriz Q% = E(WH(Z2)V5(Z)) is finite, where
Us(2) = U(2,00,p0(U)) + a(Z) for a(z) = (yp — Po(ap))p(xp) fu @)/ fp(p) and p(u) =
E(04*(Z,0,p)/0plp=p,)|U = w).

Assumption 7. The bandwidth sequence hy, satisfies the following conditions as n — oco: (i)

nh;%(lpﬂ) — 0 and (i) nh;zzadq/IOg(”)Q — 00.
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Under these two conditions and Assumption 1 and 3, it follows from standard arguments
from the literature on semiparametric estimation with first-stage kernel estimators (e.g. Newey
and McFadden, 1994) that 9* is RAL. For completeness, we formally state this result as a

separate Theorem.?

Theorem 2. Under Assumption 1, 8 and 67, we have that
~ 1 <&
V(0" —0o) = —= ) Xo(Zi) +op(1),
i

where \5(z) = TE (¥ (2, 00, po(u)) + a(2)) with T% = OE(Y*(Z,0,p,(U)))/00|p=g, and a(z) as

defined in Assumption 6, as n — co.

Comparing the conditions of Theorem 1 and Theorem 2 illustrates the benefits of using
SDREs relative to generic semiparametric estimators. Strictly speaking, the conditions of The-
orem 2 are neither weaker nor stronger than those used to establish Theorem 1. Showing that
6* is RAL requires smoothness conditions on one functional nuisance parameter, in this case
Do, only, and also requires slightly weaker smoothness restrictions on the moment condition.
Showing that 0 is RAL requires smoothness conditions on both functional nuisance parameters,
and stronger smoothness restrictions on the moment condition. On the other hand, if one is
willing to impose such conditions, SDREs have a number of practically important advantages.

First, SDREs can generally make do with less stringent smoothness conditions on the func-
tional nuisance parameters, and thus with lower order local polynomials, than generic semi-
parametric estimators. For example, it is easily verified that if d, < 5 and d, < 5, there exist
bandwidths h, and hy such that Assumption 5 is satisfied even if [, = [, = 1. For a generic
estimator like 5*, using local linear smoothing in the first stage is typically only permissible if
the unknown function is a one-dimensional nonparametric regression, since Assumption 7 can-
not hold with I/, = 1 and d,, > 1. This is an important aspect, as higher-order local polynomial
regression is well-known to have poor finite sample properties, especially when the covariates
are multi-dimensional. This phenomenon is analogous to that of poor finite-sample performance
of Nadaraya-Watson (or local constant) regression using higher-order kernels.

Second, in a semiparametric model where both SDREs and a generic semiparametric esti-

2We remark that the following Theorem can be shown under slightly weaker conditions if the term 1*(z, 8, p(u))
is linear in p(u).
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mator are RAL given suitable nonparametric first-step estimates, the former generally allow for
a much wider range of bandwidth values than the latter. To illustrate this point, consider the
simple case that d, = d4 = I, = I, = 1, where Assumption 5 certainly holds for h,, o n~% and
hy o< n™% with 1/8 < 6, < 2/3 and 1/8 < §, < 2/3. On the other hand, for 6* to be RAL
in this setting, one would require a bandwidth h, o n~% with 1/4 < dp < 1/2, as otherwise
Assumption 7 would be violated. Given the greater flexibility of the theory with respect to
bandwidth choice, we would expect the finite-sample distribution of SDREs to be more robust
to this issue than the finite-sample distribution of generic semiparametric estimators. This is
useful for applications, as it simplifies the task of finding a bandwidth such that the standard
large-sample inference procedures are approximately valid.

Third, in many instances the range of bandwidths that satisfy Assumption 5 includes the
values that minimize the Integrated Mean Squared Error (IMSE) for estimating p, and g,
respectively. This is not the case for Assumption 7. For example, in the simple case that

1/5

dy, =dy =1, =1, =1, choosing hy, oc hy oc n™/° is sufficient to satisfy Assumption 5. We could

thus in principle choose an estimate of the bandwidths that minimize

/ (polw) — P(u))?du  and / (40(v) — G())?d, (3.2)

/5 in this case. While strictly

respectively, which are well known to be proportional to n~
speaking these bandwidth do not have any optimality properties for estimating 6,, they have
the advantage that they can be estimated from the data via least-squares cross validation.
For many SDREs, there thus exist an objective and feasible data-driven bandwidth selection
method that does not rely on preliminary estimates of the nonparametric component. This is
important, since the lack of an objective method for bandwidth selection is one of the major
obstacles for applying semiparametric methods in practice.

Fourth, and finally, the difference between a SDRE and its RAL approximation is typically
of smaller order than the difference between a generic semiparametric estimator and its RAL
approximation. As a consequence, one can expect the Gaussian approximation resulting from
an RAL result to be more accurate for SDREs than for generic estimators. To see this, consider

first the generic estimator 0* for the simple case that d, = [, = 1, and that the other conditions

of Theorem 2 hold. Then one can show (e.g. Ichimura and Linton, 2005; Cattaneo et al., 2012a)
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that
T 1 - * 2 -1 -1
o0, §A1j No(Z;) = Op(h2) + Op(n~"h V). (3.3)

The first term on the right-hand side of this equation is related to the smoothing bias from
estimating the nonparametric component, whereas the second term is related to the variance
from the nonparametric estimation step. Cattaneo et al. (2012a) refer to the latter term as
a “nonlinearity bias”, as its occurrence is related to whether the final estimator depends non-
linearly on first-stage nonparametric estimator. Its magnitude is not affected by the use of
techniques that reduce smoothing bias, and would increase with the dimension of the covariate
vector in settings with d,, > 1. The bandwidth that minimizes the magnitude of the two second
order terms on the right-hand side of the last equation satisfies h;, o n~1/3. With this choice of

bandwidth one finds that
~ 1 <&
0" —0,— =3 \(Z;)=O0p(n~ 3. 3.4
2 2 N(E) = Op(F) (3.4

Thus, while the second order terms vanish faster than n=1/2, they are still relatively large. On
the other hand, suppose that d, = d, = [, = [, = 1, that h, < hy, and that the other conditions

of Theorem 1 hold. Then, by following the steps of the proof of Theorem 1, one finds that
) 1 ¢ 4 —13-1/2
0—0,— ;AO(Z,-) = Op(h}) + Op(n~'h,'/?). (3.5)

We can see that the DR structure of the moment condition has reduced the impact of both the
smoothing bias and the nonlinearity bias, making the RAL approximation more accurate for
the SDRE than for the generic estimator. The bandwidth that minimizes the magnitude of the
two second order terms on the right-hand side of the last equation satisfies h;, oc n~%/9. With

such a choice of bandwidth, we have that
76, 13" A(20) = Op(n~)
i 7

and the second order terms thus vanish faster than the in the best-possible case we could achieve

for a generic estimator. As a consequence, we would thus e.g. expect confidence intervals based
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on a normality result to have better finite-sample coverage properties for SDREs than for generic

estimators.

4. APPLICATION TO ESTIMATION OF TREATMENT EFFECTS

In this section, we apply our theory to the problem of estimating the causal effect of a binary
treatment on some outcome variable of interest. See Imbens (2004) and Imbens and Wooldridge

(2009) for excellent surveys of the extensive literature on this topic.

4.1. Model and Parameters of Interest. Following Rubin (1974), we define treatment
effects in terms of potential outcomes. Let Y (1) and Y (0) denote the potential outcomes with
and without taking some treatment, respectively, with D = 1 indicating participation in the
treatment, and D = 0 indicating non-participation in the treatment. We observe the realized
outcome Y = Y (D), but never the pair (Y (1),Y(0)). The data consist of a sample from the
distribution of Z = (Y, D, X)), where X is some vector of covariates that are unaffected by the
treatment. We write II, = E(D), denote the propensity score by m,(x) = E(D|X = z), and
define the conditional expectation function pY (d,z) = E(Y|D = d, X = z). We focus on the

Population Average Treatment Effect (ATE)

7o = E(Y (1) = Y(0))

and the Average Treatment Effect on the Treated (ATT)

70 =E(Y (1) -Y(0)|[D =1)

as our parameters of interest. Since we observe either Y'(1) or Y'(0), but never both, we have to
impose further restrictions on the mechanism that selects individuals into treatment to achieve
identification. Here we maintain the assumptions that the selection mechanism is “uncon-
founded” and satisfies a “strict overlap” condition. Unconfoundedness means that that con-
ditional on the observed covariates, the treatment indicator is independent of the potential
outcomes, i.e. (Y(1),Y(0))LD|X (Rosenbaum and Rubin, 1983). This condition is sometimes
also referred to as selection on observables (Heckman and Robb, 1985). Strict overlap means

that that the propensity score is bounded away from zero and one, i.e. P(r < mo(X) <7) =1

18



for # > 0 and ™ < 1. This condition is important to ensure that the semiparametric efficiency
bounds for estimating our parameters of interest are finite, and to ensure that there exists a RAL
semiparametric estimator (Khan and Tamer, 2010). Hahn (1998) derived the semiparametric
efficiency bounds for estimating the ATE and the ATT in this setting (under some additional
smoothness conditions on the model). That is, he showed that in the absence of knowledge of
the propensity score the asymptotic variance of any regular estimator of the ATE and ATT is

bounded from below by

o? o2
ij,X)i) 1 —(7(:;();)) + (pX (1, X) — X (0, X) — T)2> and

To To 02 )
a3 (e 4

o

Vate =K (

0,3 = 110,30 = 2) )

respectively, where 02(d, ) = Var(Y|D = d, X = ). Semiparametric two-step estimators that
achieve these bounds have been studied by Heckman, Ichimura, and Todd (1997), Heckman,
Ichimura, Smith, and Todd (1998), Hahn (1998), Hirano et al. (2003) or Imbens, Newey, and
Ridder (2005), amongst others. Doubly robust estimators of treatment effect parameters that
impose additional parametric restrictions on nuisance functions have been studied by Robins
et al. (1994), Robins and Rotnitzky (1995), Rotnitzky, Robins, and Scharfstein (1998) and
Scharfstein et al. (1999), among many others, and are widely used in applied work. Cattaneo
(2010) was the first to propose a SDRE for ATE in a model with multiple treatment levels.
However, he did not formally prove that SDREs have favorable properties relative to generic

estimators.

4.2. Estimating the Average Treatment Effect for the Population. We now use the
methodology developed in Section 2-3 to study a SDRE of the ATE 7, = E(Y (1) — Y (0)).
Straightforward calculations show that under unconfoundedness we can characterize 7, through

the moment condition

E(wate(za To, WO(X)a MO(X))) =0,
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where p1o(x) = (1 (1,2), 1 (0, 2)) and

—p¥(1,z — — Y (0,z
e 7 (o), ) = NS ) BZ IO 0 (1,0 - 0,0)) - 7

is the efficient influence function for estimating 7, (Hahn, 1998). It is also easily verified that
the above moment condition is doubly robust. Given nonparametric estimates of the propensity
score T, and the regression function p) , we estimate the ATE by the value that sets a sample

version of this moment condition equal to zero. This leads to the estimator

n (Y — Y ) — DY = 1Y ,
Fon =1 (D’(Y’ %&;1’&) e = ﬁf_—.)(o’ XDy @ x) - ﬁY(o,Xi))) .
i=1 ! !

Since we can anticipate the asymptotic variance of Tpg to be E(Vate(Z, To, To(X), tto(X))?) from

Theorem 1, we can also already define the corresponding estimator as follows:
o 1 L R )
V(TDR) = - Z 'Qbate(Zi, TDR, 7T0(Xi)a ,LLO(X’L)) .
i

We define 7 as the I-th order “leave-i-out” local polynomial Probit estimator of 7,(z) using the

bandwidth h,, and ﬁy(d, x) as the usual [,th order “leave-i-out” local polynomial estimator of

pY (d, z) using a bandwidth hy. That is, writing A (z) = [1, B xll’*, ... ,:cdx,x?lx, . ,xffX]T
_ 2 ! 2 b T
and \,(x) = [wl,:vl,...,xl“,...,:vdx,xdx,...,xd“x] , we define

7(Xi) = ®(ax(Xi)) and  p(d, Xi) = au(d, Xi),
respectively, where

(@r(X,), ba(X,)) = avgmin 3 (D = ®(a — YAx(X; - Xi)))? K, (X; - X)),

J#i
(@ (d, X7), bu(d, X;)) = aTgminZH{Dj =d} (V) —a— b (X5~ Xz‘))Q Ky, (X — X)),
RO )

and ®(-) is the CDF of the standard normal distribution. Note that we slightly deviate from
the general theory presented in Section 2 by using a local polynomial Probit estimator for

the propensity score instead of a standard local polynomial smoother. This ensures that the
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estimator of m, is bounded between 0 and 1, and should improve the finite-sample properties
of the procedure. This choice has no impact on our asymptotic analysis, as it is well known
from the work of e.g. Fan, Heckman, and Wand (1995), Hall, Wolff, and Yao (1999) or Gozalo
and Linton (2000) that the asymptotic bias of the local polynomial Probit estimator is of the
same order of magnitude as that of the usual local polynomial estimator uniformly over the
covariates’ support, and that the two estimators have the same stochastic behaviour.

To study the asymptotic properties of the SDRE 7pgr, we impose the following assump-
tions, which essentially restate the content of Assumption 1-2 using the notation of the present

treatment effects setting.

Assumption 8. (i) The random vector X is continuously distributed with compact support Ix,
(ii) the corresponding density function fx is bounded with bounded first-order derivatives, and
satisfies infyer, fx(z) > § for some constant § > 0, and (i) the function mo(x) is (Ix + 1)

times continuously differentiable.

Assumption 9. (i) For any d € {0,1}, the random vector X is continuously distributed con-
ditional on D = d with compact support Ix, (ii) the corresponding density functions [xa are
bounded with bounded first-order derivatives, and satisfy infyery fxja(z) = & for some constant
6 >0 and any d € {0,1}, (iii) sup,eq, gefo1y E(IY[|X = 2, D = d) < oo for some constant
c>2 and any d € {0,1} (i) the function po(d,z) is (I, + 1) times continuously differentiable

with respect to its second argument for any d € {0, 1}.
The following Theorem establishes the asymptotic properties of the SDRE Tpg.

Theorem 3. Suppose Assumption 8-9 hold, and that Assumption 3-5 hold with (1, dp, h,) =
(e, dx, hx) and (Ig, dg, hg) = (L, dx, hy). Then

i) Tor > To,
it) Vn(Tor = 10) = 072 Yare(Ziy To, To(Xi), 110(Xi)) + 0p(1),
iii) /n(Fpr = 7o) 5 N(0,Vi,)-
i) Tpr achieves the semiparametric efficiency bound for estimating 7,.

v) V(Tor) 2 Vage.
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Theorem 3 shows that the semiparametric DR estimator Tpr enjoys the same efficiency
property as e.g. the Inverse Probability Weighting estimator of Hirano et al. (2003), which is
based on the moment condition 7, = E(DY/7,(X) + (1 — D)Y /(1 —m(X))), or the Regression
estimator of Imbens et al. (2005), which is based on the moment condition 7, = E(u) (1, X) —
pY(0,X)). However, following the discussion after Theorem 1, the SDRE has a number of
theoretical and practical advantages relative to kernel-based versions of these estimators.> We

therefore recommend using the SDRE in practice.

Remark 1 (Selection of Tuning Parameters). Implementing the estimator Tpr requires choos-
ing two types of tuning parameters for the nonparametric estimation step: the bandwidths and
the order of the local polynomials. We recommend using I, = [, = 1 as long as dx < 5, as
such a choice is compatible with the asymptotic theory and local linear regression estimators
are well-known to have superior small-sample properties relative to higher order local polyno-
mial smoothers. If dx < 4, our theory also allows choosing the bandwidths that minimize a

least-squares cross validation criterion, i.e. using
n n
hy =argmin Y (D; — #(X;))? and hy, = argmin » _(¥; — ¥ (Dy, X;))*.
h ; :
=1 =1

As pointed out above, such a choice has no particular optimality properties for estimating 7.,

but it has the advantage of being objective, data-driven, and easily implementable.

4.3. Estimating the Average Treatment Effect for the Treated. In this section, we
consider semiparametric DR estimation of the Average Treatment Effect for the Treated o =
E(Y (1) —Y(0)|D = 1). Again, straightforward calculations show that under unconfoundedness

we can characterize 7, through the moment condition

E(watt(Zv Tate 770(1')7 :U’Z(Ov .T), HO) =0,

3Both Hirano et al. (2003) and Imbens et al. (2005) consider series estimation in the first stage, and thus
their results are not directly comparable to ours. See Ichimura and Linton (2005) for an analysis of the Inverse
Probability Weighting estimator when the propensity score is estimated via local linear regression.
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where

— 1Y (0,x m(x — —uY (0.
7/}att(2,’7,77($),,uy(0,$),n) = d(y [i'[ (O’ )) N 1(_[) ‘ (1 d)l(y— wé;)(o’ )) a

It is also easily verified that this moment condition is doubly robust. Given the same nonpara-
metric estimators of the propensity score 7, and the regression function p} we defined above,
and setting I = >oie1 Di/N, the SDRE of the ATT is given by the value that sets a sample

version of this moment condition equal to zero, namely

YDR = —
n

=~

Lo~ (Di(Yi =" (0, X)) @(X) (1—Dy)(Yi — " (0, X))
2 ( II II 1 —m(X) ) '

i=1

Since from Theorem 1 we can anticipate the form of the asymptotic variance of 4pgr, we can

also already define its estimator as follows:
~ 1 — ~ ~ ~Y 72
V(’YDR) = ﬁ Z MJatt(Zi’ YDR, 7-‘-O(*Xvi)v Ho (07 XZ)? H) :
i=1

The following Theorem establishes the estimator’s asymptotic properties.

Theorem 4. Suppose Assumption 8-9 hold, and that Assumption 3-5 hold with (1, dp, h,) =
(Ir,dx, hx) and (lg,dg, hq) = (4, dx, hy). Then

i) ADR 2 Yo,
ii) \/ﬁ<;7\DR - 70) = 77,_1/2 Z?Zl watt(Ziy Yo, Wo(Xi)a N})/(Oa Xi)a HO) + Op(l),
iii) /n(Apg — Y0) 5 N(0, Vi)

i) Apr achieves the semiparametric efficiency bound ~y, in the absence of knowledge of the

propensity score.
v) VADR) 2 Ve

The discussion after Theorem 3 applies analogously to the result in Theorem 4. The SDRE
of the ATT is not only semiparametrically efficient, but its properties also compare favorably to
those of other efficient estimators that use only a nonparametric estimate of either the propensity

score T, (+) (e.g. Hirano et al., 2003) or the regression function uY (0,-) (e.g. Imbens et al., 2005).
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5. MONTE CARLO

In this section, we illustrate the properties of SDREs relative to other semiparametric two-step
estimators through a small scale Monte Carlo experiment. We consider the simple missing data
model present in Example 1 above: the covariate X is uniformly distributed on the interval
[0,1], the outcome variable Y is normally distributed with mean p,(X) = (3X — 1) and
standard deviation .5, and the missingness indicator D is generated as a Bernoulli random
variable with mean 7,(X) = .2 + .8(1 — X?). Our parameter of interest is 6, = E(Y) = 1, and
the semiparametric variance bound for estimating this parameter is V* ~ 1.644. We study the
sample size n = 200, and set the number of replications to 1,000. We consider three estimators
of 0, = E(Y'), namely the semiparametric doubly robust one based on a sample analogue of the
efficient influence function (DR), inverse probability weighting (IPW), and a regression-based

estimator (REG):

51 (DY (X))
eDR—n;< ) +u(Xz)>

n

~ 1 D;Y;
0 —_ 1+
PW = ; (X))

~ 1<
OrEG = - ;M(Xi)-
=

We defined 7 as the “leave-i-out” local linear Probit estimator of 7,(z) using the bandwidth h €
{.05,.15,...,.45}, and fi(x) as the “leave-i-out” local linear estimator of i, (z) using a bandwidth
g €{.02,.04,...,.1}.* The construction of these nonparametric estimators is analogous to that

described in Section 4. We also consider nominal (1 — «) confidence intervals of the usual form

Cri= = [0+ 071 (1 - a/2)(V;/m)?]

4We determined the range for the bandwidths as follows. In a preliminary simulation study, we generated
1,000 samples of size n = 200 from the distribution of (Y D, D, X), and estimated the bandwidths that minimize
a least squares cross-validation criterion for estimating 7, and o, respectively. The range for h and g we then
consider for our main simulation study corresponds roughly to that between the 5% and 95% empirical quantiles
of the distribution of the respective cross-validation bandwidths. We expect that the range of bandwidths we
consider covers most rules of thumb that practitioners might use in applications. We also experimented with
a wider range of bandwidths to ensure that our choice contains the values that approximately minimize the
respective MSE of the three estimators we consider in this simulation study.
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Figure 1: Simulation results: MSE, bias and variance of the IPW estimator for various values of h (solid
line), compared to results for the DR estimator with bandwidth g equal to .02 (dashed line), .04 (dotted
line), .06 (dot-dashed line), .08 (long dashed line), and .10 (long dashed dotted line).

Figure 2: Simulation results: MSE, bias and variance of the REG estimator for various values of g (solid
line), compared to results for the DR estimator with bandwidth h equal to .05 (dashed line), .15 (dotted
line), .25 (dot-dashed line), .35 (long dashed line), and .45 (long dashed dotted line).

with ®~1(a) the a quantile of the standard normal distribution and

n . 717 . - 2
- (P e <o)

=1

NS

an estimate of the asymptotic variance, for j € {DR, IPW, REG}.

Our simulation results generally confirm the predictions of our asymptotic theory. In Fig-
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ure 1, we plot the Mean Squared Error (MSE), the bias, and the variance of the IPW estimator
as a function of the bandwidth h, and compare the results to those of the DR estimator for
various values of the bandwidth g. In Figure 2, we plot the same three quantities for the REG
estimator as a function of the bandwidth g, and compare the results to those for the DR esti-
mator for various values of the bandwidth hA. We also present the same results in table form
in Table 1-3. One can clearly see that the bias of both IPW and REG varies substantially
with the respective bandwidth. To a lesser extend, this applies also to the variances of the two
estimators, especially in the case of IPW. As a consequence, the MSE shows strong dependence
on the bandwidth in both cases. It is minimized for h = .15 and g = .02, respectively, but these
values would be very difficult to determine in an empirical application. For the DR estimators,
we observe that those using one of the two smallest bandwidths, i.e. either h = .05 or g = .02,
exhibit somewhat different behavior from the remaining ones. For DR estimators using A > .05
and g > .02, the MSE, bias and variance all exhibit only minimal variation with respect to
the bandwidth. Their variance is substantially lower than that of IPW, and somewhat lower
than that of REG for larger values of g. It is also very close to the semiparametric efficiency
bound, which is equal to about 1.644 in our simulation design. The DR estimators are also
essentially unbiased for all bandwidth choices. DR estimators using either h = .05 or g = .02
have somewhat higher variance than those using larger bandwidths, but are also essentially
unbiased. As a consequence, they also compare favorably to both IPW and REG in terms of
MSE. In applications, we would recommend to implement DR estimators using bandwidths that
are relatively large.

We also computed the empirical coverage probabilities of the confidence intervals C'IJQ'95
for j € {DR,IPW,REG}, using again various bandwidths for estimating the nonparametric
components. Results are reported in Table 4. Note that computing a confidence interval for
0, based on the IPW estimator requires an estimate of u,, and similarly a confidence interval
based on the REG estimator requires and estimate of 7,. Therefore all confidence intervals vary
with respect to both bandwidth parameters. Our results show that the coverage probability
of DR-based confidence intervals is extremely close to its nominal value for all combinations
of bandwidths we consider. TPW-based confidence intervals exhibit slight under-coverage for

small and large values of h and good coverage properties for intermediate values, irrespective of

26



Table 1: Simulation Results: MSE of the IPW, REG and DR estimator for various bandwidth values
(all results scaled by the sample size).

Bandwidth h .05 .15 .25 .35 45
g Estimator DR REG
.02 1.839 1.737 1.733 1.731 1.730 1.725
.04 1.721 1.680 1.680 1.679 1.679 1.747
.06 DR 1.696 1.663 1.663 1.662 1.662 1.982
.08 1.683 1.656 1.657 1.656 1.656 2.497
.10 1.675 1.653 1.655 1.655 1.655 3.297
IPW 2.199 1.730 1.826 1.958 2.049

Table 2: Simulation Results: Bias of the IPW, REG and DR estimator for various bandwidth values (all
results scaled by the square root of the sample size).

Bandwidth h .05 .15 .25 .35 45
g Estimator DR REG
.02 0.020 0.012 0.011 0.011 0.011 0.065
.04 0.018 0.015 0.014 0.014 0.014 0.264
.06 DR 0.012 0.011 0.011 0.011 0.011 0.558
.08 0.005 0.009 0.010 0.010 0.009 0.906
.10 0.003 0.006 0.008 0.008 0.007 1.269
IPW 0.509 0.013 0.170 0.177 0.122

Table 3: Simulation Results: Variance of the IPW, REG and DR estimator for various bandwidth values
(all results scaled by the sample size).

Bandwidth h .05 15 .25 .35 45
g Estimator DR REG
.02 1.838 1.737 1.732 1.731 1.730 1.721
.04 1.720 1.680 1.679 1.679 1.678 1.677
.06 DR 1.696 1.663 1.663 1.662 1.662 1.671
.08 1.683 1.656 1.656 1.656 1.656 1.677
.10 1.675 1.653 1.655 1.655 1.655 1.686
IPW 1.939 1.730 1.797 1.926 2.034

the choice of g. REG-based confidence intervals have good coverage properties for g = .02 and

g = .04, and substantial under-coverage for large values of g, irrespective of the choice of h.

6. CONCLUSIONS

Semiparametric two-step estimation based on a doubly robust moment condition is a highly
promising methodological approach in a wide range of empirically relevant models, including
many applications that involve missing data or the evaluation of treatment effects. Our results
suggest that SDREs have very favorable properties relative to other semiparametric estimators

that are currently widely used in such settings, such as e.g. Inverse Probability Weighting, and
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Table 4: Simulation Results: Empirical coverage probability of nominal 95% confidence intervals based
on either the DR, IPW or REG estimator, for various bandwidth values.

DR g/ h .05 15 25 .35 45
.02 0.949 0.946 0.945 0.945 0.945
.04 0.948 0.948 0.948 0.948 0.948
.06 0.948 0.949 0.949 0.948 0.948
.08 0.949 0.949 0.949 0.949 0.949
.10 0.951 0.949 0.950 0.950 0.950
IPW g/ h .05 15 25 .35 45
.02 0.928 0.940 0.936 0.926 0.924
.04 0.924 0.943 0.936 0.926 0.922
.06 0.923 0.942 0.937 0.926 0.923
.08 0.922 0.941 0.937 0.926 0.923
.10 0.921 0.941 0.937 0.926 0.923
REG g/ h .05 15 25 .85 45
.02 0.950 0.948 0.946 0.946 0.946
.04 0.946 0.942 0.941 0.941 0.941
.06 0.933 0.930 0.928 0.928 0.929
.08 0.895 0.891 0.890 0.890 0.890
.10 0.839 0.836 0.835 0.835 0.835

should thus be of particular interest to practitioners in these areas. From a more theoretical
point of view, we have shown that SDREs are generally root-n-consistent and asymptotically
normal under weaker conditions on the smoothness of the nuisance functions, or, equivalently,
on the accuracy of the first step nonparametric estimates, than those commonly used in the
literature on semiparametric estimation. As a consequence, the stochastic behavior of SDRESs
can be better approximated by classical first-order asymptotics. We view these results as an
important contribution to a recent literature that aims at improving the accuracy of inference

in semiparametric models (e.g. Robins et al., 2008; Cattaneo et al., 2012a,b).

A. PROOFS OF MAIN RESULTS

A.1. Proof of Theorem 1. Statement (i) is immediately implied by statement (ii), and could also be
derived under weaker conditions. Statement (iii) follows from (ii) and a simple application of a Central
Limit Theorem. Statement (iv) follows from standard arguments, and we thus omit an extensive proof
for brevity. It thus remains to show statement (ii). To prove that result, note that it follows from the

differentiability of ¢ with respect to 6 and the definition of 0 that

~

Vv —0,) =T, (0*,5,9) vV, (0,,5,q)
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for some intermediate value 6* between 6, and 5, and I',,(0,p,q) = 0¥, (0,p0,q,)/00. 1t also follows
from standard arguments that I',,(0*,p,q) = T', + op(1). Next, we consider an expansion of the term

U, (0,,D,q). Using the notation that

VP(Z;) = 09(Zist, 4o(Vi)) /Ot t=p, 1)
YPP(Zi) = O*Y(Zis t, 4o(Vi)) [ Ot 1=p, v
VIU(Zi) = 0Y(Zi, po(Ui), t) [ O] =g, (v:)
1 Zi) = 0°Y(Ziy po(Ui), 1) /0t =g, (vi).

WP Zs) = O*Y(Ziy b1, t2) [O11 0]t —p, () ta=qu (Vi)

we find that by Assumption 4 we have that

U0, (00,0,9) — Vn(0o, Dos 4o)
- % iwp(zi)(ﬁ(m) —po(Uy)) + % E: VI(Z)(@(Vi) — 00(Vi)
DG <0 1 YY) - oV
; iéwmwi)(ﬁ(m) — U@ — 4u(U1)
+0p (15 = poll%) + Op (G — aol%)-

By Lemma 2(i) and Assumption 5, the two “cubic” remainder terms are both of the order op(n~='/?). In
Lemma 4-6 below, we show that the remaining five terms on the right hand side of the previous equation

are also all of the order op(n~'/2) under the conditions of the theorem. This completes our proof.  []

A.2. Proof of Theorem 2. Follows standard arguments from the literature on semiparametric

estimation with first-stage kernel estimators (e.g. Newey and McFadden, 1994).

A.3. Proof of Theorem 3 and 4. These two results can be shown using the same arguments as for

the proof of Theorem 1. 0.

B. AuxiLIARY RESULTS

In this section, we collect a number of auxiliary results that are used to prove our main theorems.
The results in Sections B.1 and B.2 are minor variations of existing ones and are mainly stated for

completeness. The result in Section B.3 is simple to obtain and stated seperately again mainly for
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convenience. Section B.4 contains a number of important and original lemma that form the basis for our

proof of Theorem 1.

B.1. Rates of Convergence of U-Statistics. For a real-valued function ¢, (x1,...,z) and an i.i.d.

sample {X;} , of size n > k, the term

n—k)!
U, = % > en(Xe,o Xy

seS(n,k)
is called a kth order U-statistic with kernel function ¢,,, where the summation is over the set S(n, k) of
all n!/(n — k)! permutations (si,..., sx) of size k of the elements of the set {1,2,...,n}. Without loss
of generality, the kernel function ¢, can be assumed to be symmetric in its k£ arguments. In this case,

the U-statistic has the equivalent representation

-1
n
Un: (k) Z QDn(Xsla---vak)v

seC(n,k)
where the summation is over the set C(n, k) of all (}) combinations (si,...,s;) of k of the elements of
the set {1,2,...,n} such that s; < ... < sg. For a symmetric kernel function ¢,, and 1 < ¢ < k, we also

define the quantities

One(x1, ... 2c) =E(pn(z1,...,2e, Xeg1,...,Xk) and

Prc = Var(pn o( X1, ..., X))V2

If pp,c = 0 for all ¢ < c¢*, we say that the kernel function ¢,, is c*th order degenerate. With this notation,
we give the following result about the rate of convergence of a kth order U-statistic with a kernel function

that potentially depends on the sample size n.

Lemma 1. Suppose that U, is a kth order U-statistic with symmetric, possibly sample size dependent

kernel function ¢, and that p, < co. Then

k
pn,c
U, —E(U,) = Op ( nc/2> :

c=1

In particular, if the kernel @, is c*th order degenerate, then

k
Pn,c
U,L:op< Z nc/2>.

c=c*+1

Proof. The result follows from explicitly calculating the variance of U,, (see e.g. Van der Vaart, 1998),
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and an application of Chebyscheff’s inequality. O

B.2. Stochastic Expansion of the Local Polynomial Estimator. In this section, we state a
particular stochastic expansion of the local polynomial regression estimators p and ¢. This is a minor
variation of results given in e.g. Masry (1996) or Kong et al. (2010). For simplicity, we state the result
only for the former of the two estimators, but it applies analogously to the latter by replacing p with ¢
in the following at every occurrence. To state the expansion, we define the following quantities:

! ! l
wlu) = (L, ug, ..., u”, ug, s Uy U ...,ud’;)T

wj(u) = w((Xp,; —u)/hy)-
My, (u) = % Z w; (w)w, (U)Tth (Xp,; —u),
J#i
Npn(u) = E(w; (u)wj(u)Tth (Xp,; —u),

Mpan. (1) = wj (wyw; (u) " K, (Xpj = u) = E(w; (ww;(u) " K, (Xp,; — w)-

To better understand this notation, note that for the simple case that I, = 0, i.e. when p is the Nadaraya-
Watson estimator, we have that w;(u) = 1, that the term M, ,(u) = n=' 3" | Kp, (Xpi — u) is the
usual Rosenblatt-Parzen density estimator, that Ny ,(u) = E(Kp, (X, —u)) is its expectation, and that
Npm,i(u) = Kn, (Xpi —u) — E(Kp,(Xps —u)) is a mean zero stochastic term with variance of the order

O(hgd”). Also note that with this notation we can write the estimator p(U;) as

- 1 _
pU) = —— D el My o (Ui) " w; (U)K, (X, — Ui) Yy,
JFi

where e; denotes the (1 + l,d,)-vector whose first component is equal to one and whose remaining

components are equal to zero. We also introduce the following quantities:

BP,N(Ui) = elTNp,n(Ui)il]E(wj(Ui)th (quj - Ui)(pO(vaj) — po(U:))|Us)

1 _
Spn(Us) = " ZelTNpm(Ui) 1wj(Ui)th(Xp7j —Ui)ep,
J#i
1 1 _
Rpn(Ui) = — el n > pni(Us) | Npo(Us) 2w (U)K, (Xpj — Us)ep,
i I£i

We refer to these three terms as the bias, and the first- and second-order stochastic terms, respectively.
Here €, ; = Y, ; — po(Xp,;) is the nonparametric regression residual, which satisfies E(e;, ;|Xp ;) = 0 by

construction. To get an intuition for the behaviour of the two stochastic terms, it is again instructive to
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consider simple case that I, = 0, for which

Spn(Ui) = ZKh p.j — Ui)ep,; and
nfp, J#l
1 1
R m(UZ) = 7 72| (Kh,,(X 4 ) f n z Kh )5
P nfp,n(Ui)z n ; p D, ; j 2]

with E(Kp, (Xp; — u)) = fp.n(u). With this notation, we obtain the following result.
Lemma 2. Under Assumptions 1-3, the following statements hold:

(i) For uneven l, > 1 the bias By, satisfies

Byn(Us)| = Op(hyp*
weax | |Bpn(Ui)l = Op (™),

and the first- and second-order stochastic terms satisfy

Z_e{rrllaxn} |Sp.n(Us)| = Op((nh;lp/log n)~Y2) and Z_eglaxn} |Rp.n (Us)| = Op((nhgf’/logn)_l).

) ma)? P(Us) — po(Us) — Bp,n(Ui) - Spm(Ui) - Rp,n(Ui)l = Op((nth/log n)_3/2).

(i1i) For || -|| a matriz norm, we have that
emax | nEY 0y (Uil = Op((nhie /logn)~*/2).
J#i
Proof. The proof follows from well-known arguments in e.g. Masry (1996) or Kong et al. (2010). O

B.3. Functional Derivatives of DR moment conditions. In this section, we formally prove a
result about the functional derivatives of DR moment conditions. Using the notation introduced in the

proof of Theorem 1, we obtain the following result.

Lemma 3. If the function ¥ satisfies the Double Robustness Property in (2.2), and Assumption 4 holds,

then E(¢P(2)p(U)) = E@PP(Z)p(U)) = EU(Z)q(U)) = E(¢14(Z)g(U)) = 0 for all functions p and q
such that p, +tp € P and q, + tq € Q for any t € R with |t| sufficiently small.

Proof. The proof is similar for all four cases, and thus we only consider the first one. By dominated
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convergence, we have that

\Il(eoapo + tﬁ, QO) - \I](eoapm QO>

p D = 1 =
E@r(2)p(U)) = lim : 0
where the last equality follows since the numerator is equal to zero by the DR property. O

B.4. Further Helpful Results. In this subsection, we derive a number of intermediate results used

in proof of Theorem 1.

Lemma 4. Under Assumption 1-5, the following statements hold:

Zw — po(Uy)) = op(n~1/?),

qu - ¢ (Vi) = OP(n_l/Q)'

Proof. We only show the first statement, as the proof for the second one is fully analogous. From

Lemma 2 and Assumption 5, it follows that

EOCACCARES Zw Byn(U) + Spn (U5) + By (1)

+ Op(log(n)3/2n_3/2h;3dp/2),

and since the second term on the right-hand side of the previous equation is of the order op(n~/2) by

Assumption 5, it suffices to study the first term. As a first step, we find that

LS P20 By (V) = (20 By (U)) + Op (b0 =12
i=1

= Op(hjpt'n=1/?),

where the first equality follows from Chebyscheff’s inequality, and the second equality follows from

Lemma 2 and the fact that by Lemma 3 we have that E(¢?(Z;)Bp..(U;)) = 0. Next, consider the term

1 n
ﬁgiﬁp(zi)sp Ui)= 5 ZZW e1 Npn (Ui) ™ w;(Ui) Kn, (X5 — Us)ep,i-

i jF£

This is a second order U-Statistic (up to a bounded, multiplicative term), and since by Lemma 3 we

have that E(y?(Z;)e] Npn(Us) " w;(U;) Kn, (Xp; — Ui)| Xp,;) = 0, its kernel is first-order degenerate. It
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then follows from Lemma 1 and some simple variance calculations that
1« 1,
=~ _UP(Z)Spn(Ui) = Op(n™ by /%),
i=1
Finally, we consider the term
1 n
= > (2 Ry (U1) = Ty + Tz
i=1
where

1 _
T =15 S O> WP(Zi)e] tpm, i (Us) No(u) "> w; (Ui) K, (Xp ; — Ui)gp,; and
i i

1 _
Th2= 5 DD WP (Ze] tpn i (U) Nu(U) > wi(Us) K, (X1 — Ui)epi-
i gFLlFEL]
Using Lemma 3, one can see that T}, 2 is equal to a third-order U-Statistic (up to a bounded, multiplicative

term) with second-order degenerate kernel, and thus

T2 = Op(n=3/2h %)

by Lemma 1 and some simple variance calculations. On the other hand, the term 7}, ; is equal to n~!

times a second order U-statistic (up to a bounded, multiplicative term), with first-order degenerate

kernel, and thus
Tn’1 =n"1. Op(n_lh;3dp/2)> = n_l/Qh;d”/QOp(Tn}Q).
The statement of the lemma thus follows if h, — 0 and n2h2d’“ — 00 as n — 0o, which holds by

Assumption 5. This completes our proof. O

Remark 2. Without the DR property, the term n=* Y7 | ¥?(Z;) B, ,(U;) in the above proof would be
of the larger order O p(hﬁf“), which is the usual order of the bias due to smoothing the nonparametric
component. This illustrates how the DR property of the moment conditions acts like a bias correction

device (see also Remark 2 below).
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Lemma 5. Under Assumption 1-5, the following statements hold:

() 23 W) G o0 = op(n™?),
() LS u(z)@v) - 00)? = o),

i=1

Proof. We only show the first statement, as the second statement is conceptually similar to establish.

Note that by Lemma 2 we have that

6 3/2
10 0 = 3wt 00 (42507) ) (00t o (5527)).

where T, 1(u) = Bpn(u)?, Tr2(u) = Spn(u)?, Ths(w) = Rpn(u)?, Tha(u) = 2By n(u)Spn(u), Tns(u) =
2By n (W) Ry n(u), and T), 6(u) = 25, ,(u)Rp n(uw). Since the second term on the right-hand side of the
previous equation is of the order 0p(n*1/ 2) by Assumption 5, it suffices to show that we have that
n=i3  WPP(Z) Tk (Us) = op(n~Y/2) for k € {1,...,6}. Our proof proceeds by obtaining sharp
bounds on n~* Y YPP(Z;)T, 1 (U;) for k € {1,2,4,5} using Lemmas 3 and 1, and crude bounds for

k € {3,6} simply using the uniform rates derived in Lemma 2. First, for k = 1 we find that
1< _ _
— > UPP(Z) T 1 (Us) = B (Z0) By (Ui)*) + Op(n™/20502) = Op(n~ /2050 +2)
i=1
because E(¢PP(Z;) By »(U;)?) = 0 by Lemma 3. Second, for k = 2 we can write
1 n op
- Zw (Zi)Th2(U;) =Tn2a+ThoB
i
where

1 _
Tnp,a = EE > WPP(Zi) (€] Ny (Us) ™ w; (U)K, (Xp s — Ui) ey

1 _
Tn,Q,B = E Xl: ; l;:j wpp(Zi)eINp,n(Ui) 1wj(Ui)th (vaj - Ui)EI),j
vy Npn(Us) " wi(Us) K, (Xp — Ui)ep.

Using Lemma 3, one can see that T}, 2 p is equal to a third-order U-Statistic with a second-order degen-

erate kernel function (up to a bounded, multiplicative term), and thus

Tn,Q,B = Op(n73/2h;dp).
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On the other hand, the term T, 2 4 is (again, up to a bounded, multiplicative term) equal to n~! times

a second order U-statistic with first-order degenerate kernel function, and thus
Tpia=n""0Op(n " h,5%/%) = Op(n=2h, *%/?).
Third, for £ = 4 we use again Lemma 3 and Lemma 1 to show that

1 & 1 & _
- > WP(Z) T a(U;) = 3 SO WP (Zi)Byn(Ui)el Npo(Us) ™ wi(Ui) K, (X5 — Us)ep,
i1 =1 j#i

= Op(n~"hy%/?) - O(hly ™),

where the last equality follows from the fact that n=' >"" | ¥?(Z;)T,, 4(U;) is (again, up to a bounded,
multiplicative term) equal to a second order U-statistic with first-order degenerate kernel function.

Fourth, for £ = 5, we can argue as in the final step of the proof of Lemma 4 to show that
1 3/2,
=3 U (Z) T (U) = Op(n™ ™2, hip )
i=1
Finally, we obtain a number of crude bounds based on uniform rates in Lemma 2:

1 n
- D UP(Z)Tus(Us) = Op (| Ryll%) = Op(log(n)*n=2h, %)
i=1

1 — a9, _
=Y WP(Z)Ts(U) = Op (|1 Rpnlloe) - Op(Spallc) = Op(log(n)*/>n /20, 3% /2)
=1

The statement of the lemma thus follows if h, — 0 and thgd” /log(n)3 — oo as n — oo, which holds by

Assumption 5. This completes our proof. O

Remark 3. Without the DR property, the term T}, 2 g in the above proof would be (up to a bounded,
multiplicative term) equal to a third-order U-Statistic with a first-order degenerate kernel function (in-

stead of a second order one). In this case, we would find that
Toop = Op(n~'h, %) + Op(n=/2h, %) = Op(n~"h, ).

The term of the order Op(n=1h, d") is the “degrees of freedom bias” in Ichimura and Linton (2005), and
analogous to the “nonlinearity bias” or “curse of dimensionality bias” in Cattaneo et al. (2012a). In our
context, this term is removed by the DR property of the moment conditions, which illustrates how the

structure of the latter acts like a bias correction method.
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Lemma 6. Under Assumption 1-5, the following statement holds:

S UIZ B — poU) @) — aoU) = op(n )

i=1

Proof. By Lemma 2, one can see that uniformly over (u,v) we have that

~ N o log(n) o/ L41 log(n)
(P(u) = po(w))(@(v) = go(v)) =Y Tk (u,v) + Op X Op(hg™) +0p | =7~

nhgq
3/2
1 1
+ OP ( Og(drj)> ) (Op(hép#»l) +OP < Og({::)))
nhg nhy

where T), 1 (4, v) = Bp n(u)Bgn(v), Th2(t,v) = Bp n(1)Sqn(v), Tn3(u,v) = Bp n(u)Rgn(v), Tna(u,v) =
Sp,n(u)qu(U), Tnﬁ(“a”) = Sp,n(u)sq,n(v)v Tn,G(UvU) = Sp,n(u)qu(U)v Tnﬁ(“a”) = Rp,n(u)Bq,n(U)v
Ts(u,v) = Rp n(u)Sqn(v), and T, o(u,v) = Ry n(u)Rg n(v). Since the last two terms on the right-hand

side of the previous equation are easily of the order op(n~'/?) by Assumption 5, it suffices to show that
for any for k € {1,...,9} we have that n=* 37" ¥PP(Z;)T,, 1(U;, Vi) = op(n~'/2). As in the proof of
Lemma 5, we proceed by obtaining sharp bounds on n=! >""" | ¥PP(Z;)T,, 1 (U;) for k € {1,...,5,7} using
Lemma 1- 3, and crude bounds for k& € {6,8,9} simply using the uniform rates derived in Lemma 2.

First, arguing as in the proof of Lemma 4 and 5 above, we find that

wa”” L1 (U, Vi) = E(WP9(Z) By (Ui) By (Vi) + Op(n~ V2R F1platly = Op (hlpHplatl),

where the last equation follows from the fact that E(¢?4(Z;) By ..(U;) By n(Vi)) = O(hi,”“hff“). Second,

for k = 2 we consider the term

- prq z n 2 Uza Vz 2 Z Z,(/)pq p,n )6INp,n(Vi)71wj(Vi)th (Xq,j - ‘/i)sq,j~
i jF#i

This term is (up to a bounded, multiplicative term) equal to a second-order U-Statistic with non-

degenerate kernel function. It thus follows from Lemma 1 and some variance calculations that
- Zwm )T 2(U Vi) = Op(n™ V2R Hh) 4 Op(n~ iy /2yt
Using the same argument, we also find that

*ZW"Z T a(Us, Vi) = Op(n~ /20l ) 4 Op (o~ Uiy 2 2Rl ).
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For k = 3, we can argue as in the final step of the proof of Lemma 4 to show that

1 n
-~ D U Z)Tn3(Us, Vi) = Op(n™ hy 40/ 2hip ™) + Op (n ™ 2hy dahip ™),

i=1

and for the same reason we find that
fzz/}pp ) T2 (Ui, Vi) = Op(n” by /2 hlat™) + Op(n=3/?h, hlg ™).
Next, we consider the case k = 5. Here we can write
= ZW )5 (Ui, Vi) = Tosoa + Tns.,

where

Thnsa= w3 Z prq Np,n(Ui)_lwp,j(Ui)th (Xp,j — Ui)ep,)
i jF#i

- (e Ng,n, (Vi)_lqu(Vi)th (Xq,j = Vi)eq,5)s

Tnsp =3 ZZ D WPUZ el Ny (Ui) ™ wi (U)K, (X5 — Uidep s

i jFL A
: elTNq,hq (Vi)ilwl(Vi)th (Xg1 = Vi)eg,-

One can easily see that T, 5 g is equal to a third-order U-Statistic (up to a bounded, multiplicative term)

with first-order degenerate kernel, and thus
Tps5.5 = Op(n™Y) + Op(n=/2h d/2pda/2)

by Lemma 1 and some straightforward variance calculations. On the other hand, the term T, 5 4 is equal

to n~! times a non-degenerate second order U-statistic (up to a bounded, multiplicative term), and thus
Tusa=n"""(Op(1) + Op(n™%) + Op(n~ by /20 44/%) = Op(n™") + 0 20p(T5,5)-

by Lemma 1 and the usual variance calculations. Finally, we obtain a number of crude bounds based on
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uniform rates in Lemma 2 for the following terms:

=3 )T (U) = OISy

i=1

1 & 59
- prp(zi)Tn,S(Ui) = Op(||Rpnllse) - OP ([ Sqinllse) = Op(log(n)®>n=>/ 2 dap, 30 /2)
=1

loo) - O~ ([[Rgnlloc) = Op(log(n)5/2n_5/2h;dph;3dq/2)

1< a el .
=Y L)) = O Bploc) - O Ruloc) = O (log(m) Pl S0 21 5007
i=1
The statement of the Lemma then follows from Assumption 5. This completes our proof. O
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